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o 

Cn ' Abstract. We call a (g — l)-th Kummer extension of a cyclotoniic function 

field a quasi-cyclotoniic function field if it is Galois, but non-abelian, over the 
^2 , rational function field with the constant field of q elements. In this paper, 

we determine the structure of the Galois groups of a kind of quasi-cyclotomic 

f"^ ' function fields over the base field. We also give the genus formulae of them. 






1. Introduction 



r^ . We call a (g — l)-th Kummer extension of a cyclotomic function field a quasi- 

"ti ' cyclotomic function field if it is Galois, but non-abelian, over the rational function 

field k = ¥q{T). A large kind of such fields are described explicitly in [4] following 
the works in [1] and in [2]. In this paper, we describe the Galois groups of this 
kind of quasi-cyclotomic function fields by generators and relations following the 
method in [7] by using the results in [2] and [4]. We also give the genus formulae 

J^ . of them. 

p^ ' Now we recall the constructions of the quasi-cyclotomic function fields in [4]. 

f~^ . Let k = Fg(T) be the rational function field over the finite field F^ of q elements. 

In this paper we always assume the characteristic of k is an odd prime number p. 

r^ . Put A = Fq [T] . Let V, be the completion of the algebraic closure of the completion 

r^ ' Fq((l/r)) of k at the place 1/T. Let fc"'^ be the algebraic closure of k in fi. Let 

^D . k"-'' be the maximal abelian extension of k in /c""^. 

Let 7f S ri be the period of the Carlitz module, namely the lattice 7f A of rank 
one corresponds to the Carlitz module, ec the Carlitz exponential function defined 

k> : by 

H' ec{x)^x IT (1--), xefl. 

For A e Fg((l/T)), let {A} be the representation in {¥g{{l/T))\¥g[T]) U {O} of 
A modulo A, we define 

sin(A)= ^-V^-eciHAj/sgnilA})), 

where sgn is the sign function on Fg((l/T)). 

Let A be the free ablian group generated by the symbols [A] e k/A. Define two 
homomorphisms 

e, sin: A -^ k"''* 
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such that e{[A]) = ec(7fA) and sm[A] = sm{A) ii A ^ A, and e{[A]) = 1 and 
sin([A]) = 1 otherwise. 

Fix a total order < in A. Write (Ia for the degree of ^4 G A. Let M G A be 
nionic. Put 

Sm = \ monic prime factors of M > . 
Fix a generator 7 of F*. For P,Q e Sm with P < Q, let 

^pQ= 1^ 2. 2.<[ — pQ — ]-[ — pQ — 

dA<dQ dB<dp s=l 
j4:momc -B:monic 

It is easy to see sinapg = e(apQ). We put 

sinapQ, if2|dp,2|dQ 



UPQ 



/PsinapQ, \i2\dp,2\dQ 
VQsinapQ , if 2 | dp , 2 1 dg 



^ /P^sinapQ, if2tdp,2tdQ 

Set K = k(ec ijj)), which is the cyclotomic function field of conductor M and is 

abelian over k. For P e Sm, write P* = (-1)"^P = (-l)'^^P, where \P\ = q'^^ , 
then ''^^fP* e K, hence \/P* e K. As sinapg e K, we have upQ e K. Put 
K — K( I'l^upq). By [Sect. 5. 2, 4], X is a quasi-cyclotomic function field over fc, 
whose degree over K equals to g — 1. 

2. The Galois groups 

Let G = G&\{K/k) and G — Ga\{K/k) be the Galois groups of the extensions 
K/k and K /k respectively. In this section, we determine G by generators and 
relations. 

Write w = q — 1 and u = upq for simplicity. Clearly Ga\{K / K) is isomorphic to 
IjiifL. Recall that 7 is a fixed generator of F* Let e e QtiXiK jK) be a generator 
such that e( "s/u) — 7 y[u. Denote the isomorphism F* — > Jj/wIj, 7* i— > i by log^. 
Each element of G has w liftings in K. 

Lemma 2.1. For cr G G, choose v„ G K* such that (j{u) — v^u, we define a lifting 
(7 Cz G of a by (7{ "^/u) = v^ '\fu. Then G = {de^\(j (z G,0 < j < w — I}, and the 
multiplication in G is given by (tt ~ ^f^°s^'^('^^'^)^ where i(cr, r) — ^J/ s G F* 

For any a Cz G, e and (a)^ are in the center of G. 

Proof By [Sect. 5. 1.2, 4], there exists such v„ G K* for a £ G. The rest of the proof 
is trivial, which we refer to the proof of [Lemma 1,2]. D 

Let M = Pl^P2^ ■ ■ • P,j" be the prime decomposition of M. We have the iso- 
morphism: 

G ^ (A/AfA)* ^ (A/P[iA)* X (A/P2''"A)* x • • • x (A/P^-A)*. 
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Different from the case of characteristic 0, now each (A/P/'A)* is not always 
cychc. But we have the decomposition {A/P['A)* = (A/P/^*A)(i) x (A/P^A)*, 
where {A/PpAY^^ is a p-group of order |Pi|'''~^ and (A/P^A)* is a cychc group of 
order \Pi\ — 1, see [Prop. 1.6, 5]. Let ap- € G associate to a generator of (A/P^A)*. 
Then we have 

G = G'-p^ xG', 
where G =< ap^ , • • • , (^p^ >~< crp^ > x • • • x < ap^ >, and G'-^-' is the p-Sylow 
subgroupof G. In fact, g"^p'> ^ (A/P['AY^'> x • • • x (A/P^"A)(i). 

Let G'(p) and G" are the subgroups of G consisting of all liftings of the elements 
in G^P' and in G respectively. It is easy to see they are normal subgroups of G. 

Lemma 2.2. Let G'-p^ be the p-Sylow subgroup ofG. Then 

G(p) 9i G(p) / < e >= G^p'> . 

Furthermore, we have G ~ G^p> x G' . 

Proof. Since \G\ ^ w\G\ ^ \G^p^\- |G'|, we have |G[p)| = \G^p^\. Since each d e &p^ 
is a lifting of some a G G^^', all liftings of tr in i^ are (Te*(0 < i < w — 1). Then 
the map a i— J- tr mod < e > gives the isomorphism G^^' = G(p)/ < e >. Since 
the order of e equals to (7 — 1, we see a is the unique hfting of a belonging to &p\ 
Thus (T H^ (7 gives the isomorphism G*^^-* = &p\ 

Since (G'-^-')"' — G^p\ we have that G^^^ lies in the center of G, and so it is a 
normal subgroup. In addition, as \G\ = \G^p^ ■ \G'\ and (|G^p^|, |G'|) = 1, we have 
G = G(P) xCf'. D 

Next we consider the group G'. For the generators ap- € G (1 < z < n), we fix 
a lifting a p. of crp^ in _ftr as follows. 

li Pi^ P,Q, we define 

CTp, ( \/w) = %/"• 
In fact, by [Sect. 3. 3, 4.3 and 5.1, 2], we have (Tp^{u) = u. 

If Pj = P or Q, we define 

'5'p. ( V") = ^'ffp^ \/w, 
where Wo-p. G X is given by 

Vap == ( ^(-l)''«sinc^p j and w,^^ = f ^ (-l)''^sinc^Q j , 

here Cc^p and Cc^q are defined in [Sect. 4. 2. 5, 2]. By [Sect. 3. 4. 2 and 3.4.3, 4], we have 
-^ - ( v/(-l?'5sinc^p)«' with ^ypiF^sinc^p G /sT*. Similarly for ctq. 
Then we have 

G' =< CTPi, • • • ,o-p„,e > . 

Now we study the relations among these generators of G' . First e commutes with 
each generator. By the calculations in [Sect. 3. 5, 3.6 and 5.1, 2], we sec that the 
generators ap. commute with each other except for the relation 

S'p(7Q = agape^ . 

In addition, by definition, if Pi ^ P,Q, then ord((TpJ=ord(crpJ. Finally, we need 
to compute the orders of ap and ctq . 
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Let L G Sm and let II be the inertia group oi L \n K. It is known that 
II — [K/U'K)* = (A/L''A)(^' X (A/ LA)*, where r is the maximal power of L in 
M. We fix an inertia group II of L in iiT. Let L be a prime ideal in K over L such 
that the inertia group I{L/L) = I^. Let Gi be the i-th ramification group of L\L, 
i > —1. Then by [III 8.6, 6], Go = II, Il/Gi is cyclic of order relatively prime to 
p, and Gi is the unique p-Sylow subgroup of /l, which is in the center of I^ by 
Lemma 2.1. Put Gl =< (Jl> and Gl = Gl {~\IL^ where Gl is the subgroup of G 
consisting of all liftings of the elements of Gl ■ Write e^ the ramification index of 
L in the extension K /K . 

Proposition 2.3. We have Gi ^ {A/U'AY^^ and Gl is a cyclic group generated 
by some lifting of a^- Furthermore II — Gi x Gl- In particular, all the liftings of 
(Jl have the same order cl ■ ovA{(Jl)- 

Proof. Set H =< e >. The canonical homomorphism II — > II, cr h^ cf\k^ induces 
an isomorphism Il/{Il H H) = II- Since K is abelian over K, we see II C\ H is 
the inertia group of L in the field extension K/K by [Prop. 9.8, 5]. So the order of 
IlH H is CL- Notice that GLnH = /iHiJ.JIence |7l| = eLl/iJ^and |Gl| = eLlG^I. 

Since Gi is in the center of II and Il/Gi is cyclic, we see II is abelian. Noting 
that (|Gl|, |Gi|) = 1 and [7^1^= |Gi|^|Gl|, we have 7^ = Gi xGl. So Gl^ Il/Gi 
is cyclic. Since /l = Il\k = Gi\kxGl\k == Gi\kxGl andGil^ = Gi/(Gini/) = 
Gl, we^have Gi ^ (A/L'^A)(i). 

As Gl\k — Gl, there exists a lifting (Jl of ctl belonging to Gl- Since the order 
of e is a factor of |Gl|, all the liftings of o^l have the same order. If the order of ctl 
is less than |Gl|, then it is easy to show that the order of each element is also less 
than |Gl|. But Gl is cyclic. Hence (Jl is a generator of Gl- O 

li Pi ^ P and Q, then ep. = 1. Now we compute the ramification indices ep 
and eg of P and Q in the extension K / K . 

Let i? be a monic irreducible polynomial in A and ^ e A be coprime to R. Recall 
that the [q — l)th residue symbol (4) G F* is defined by 

A H|-l 

( — ) = A 9-1 modi?. 
R 

Let vp be the normalized valuation in k"-^ associated to P defined in [Sect. 6, 2]. By 
[Prop. 6. 2, 2] we have 

Q P 

wp(e(apQ)) = log^(-) and WQ(e(apQ)) = -log^(-) (modw;). 

and vp{P) equals to the ramification index [PC^^dPl — 1) of P in K/k, where r is 
the maximal power of P in M . Thus vp{-s/P) = ^;dp (mod w). Similarly, we have 
'"q{VQ) = ^dq (mod w)- 

Furthermore, by the reciprocity law (^) = {—lY^'^'^{^), see [Theorem 3.5, 5], 
we have 



P' 



vp{u) ^log^^i — ) and wq(m) = -log^(— ) (modw). 
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By [III 7.3, 6], we have ep — 



{w .vp{u)) 



and cq 



ep 



and 



(w,Vq{u)) ' 

W 



eQ = 



In particularly, if 2\dpdQ^ we have ep — eq. Finally we get the following theorem. 

Theorem 2.4. We have G ~ G*^^-* x G' , where G'-p^ is the p-Sylow subgroup of 
G, and G' ~< ap-^,--- ,dp^,e >. The generators dp. and e commute with each 
other except for the relation dpaq — aqape^^. In addition, for Pi ^ P, Q, we have 
ord((TpJ=ord(crp. ), and for Pi = P or Q, we have 



ord(i7p) = 



(w,log^(^)) 



ord((Tp) and ord((TQ) 



3. The genus formula 



[y^.^og^m 



ord(crQ). 



In this section we compute the genus of K. We calculate it by using Hasse's genus 
formula on Kummer extensions, which states that for a m-th Kummer extension 
E/F of algebraic function fields, m is relatively prime to the characteristic of Fp, 
[E : F] ~ m, and there exists a E F such that E ~ F{ \/a), then we have 



9E = l 



[Ve ■■ Ff] 



peVf. 



1 ) degp 

e 



where qe and gp are the genus of E and F respectively, F^; and ¥ p arc the constant 
fields of _E and F respectively, Tp is the set of primes of F, and ep is the ramification 
index of p in E/F. See [III 7.3, 6]. 

We first need to compute the genus oi K . In [3], Hayes calculated it in the case 
that the conductor M oi K has only one prime factor. Here we use the Riemann- 
Hurwitz theorem to calculate the genus of K in general case. 

Let E/F be a finite, separable, geometric extension of algebraic function fields, 
the Ricmann-Hurwitz theorem says 

2gE-2=[E: F]{2gp - 2) + degDp/p, 

where Dp/p is the different divisor of E/F, see [Theorem 7.16, 5]. 
Recall that M has the prime decomposition M 



pri pr2 pr 



Proposition 3.1. 



9k = 



We have 
2{q-l) 



- 1 



1 



where di = degP,, s, = r,$(P/^*) - qddr^-l) ^nd $(M) = |(A/M)*|. 

Proof. Let L G Sm and r the maximal power of L in M. Put d — degL and 
E — k{ec{jT))- Let iK/E be the homomorphism from the divisor group of E to 
that of K defined by ix/Eip) = X] e(^/p)*P, where p is a prime of E. By [Page 

q3|p 
87, 5], we have 



D 



K/k 



Dx/E + iK/EiD 



E/k) 



It is known that L is totally ramified in E/k. Let [ be the unique prime ideal of 
EoYBT L. Let£i,£2,--- ,£ 
-2^(1 < J < g), we now calculate its coefficient in D 



g be all the different prime ideals of K over L. For each 
x/k- Since £j is unramified in 
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K/E, its coefBcient in Dx/e is 0. By [Theorem 4.1, 3], the coefficient of [ in DE/k 
is s = r(f>(L'") - q'^'-'^^'^\ and so 



iK/Eisl) = siK/E{i) ^ sJ2 e(£i/l)-2j 






Thus for each £,j, its coefficient in D^/k is s. 

Let c» be the infinite prime of k. There are _, different infinite primes in K 
over oo, and the ramification index is g — 1. Thus the coefficient of each infinite 
prime of K in D^/fe is <Z ^ 2, also see Corollary in Page 85 in [5]. 

We have determined Dj^/j^. By Ricmann-Hurwitz theorem, we get the desired 
formula. D 



The constant field of K is clearly F^. In last section we have computed the 
ramification indices in K/K of all the finite primes oi K. To calculate the genus of 
K, we need to compute that of the infinite primes. 

Let fcoo C ri be the completion of k at the place 1/T. Let K^ ^ K k^o be the 
maximal real subfield of K. By [Sect. 4. 3, 2], we know sinapg ~ e(apQ) e K^ . It 
is known that for any monic square- free polynomial ,f{T) in Fg[r] with even degree, 
we have ^J f{T) e k^o- So u e K+ . 

Let E ^ K+{ x/u). Then K = EK and [E : K+] == w. Let oo be any infinite 
prime of K^ ^ ooi an infinite prime of K over oo, 002 an infinite prime of E over 
00, and 00 an infinite prime of K over ooi. By [Theorem 12.14, 5], the ramification 
index e(ooi/oo) = w. Then by Abhyankar's Lemma, see [III 8.9, 6], the ramification 
index e(oo/oo) = w. Since e(oo/oo) = e(oo/ooi) -6(001/00), wc have e(oo/ooi) ~ 1. 
Thus ooi is unramified in K/K. Since K is Galois over K, all infinite primes of K 
are unramified in K jK . Now we can get the genus formula of K. 



Theorem 3.2 

5k = 1 + 



We have 
9K-1 + 1 



— dp^iM/P''''^ 



where rp and rq are the maximal powers of P and 
(-.i°g"(#)) ""'^ ""^ " (-aog!,(^))- 
Proof. By Basse's formula, we have 



l-—\dQ^{MlQ-^] 
in M respectively, ep = 



9k 



.9^- - 1 



E 



prime p in X 

p I P or p I Q 



degp 



where the sum is over all the uneqvivalcnt primes over P or Q, ep is the ramification 
index of p in K/K, and degp = f{p/P)dp. 

We assume that there are gp and gq different prime ideals in K over P and Q 
respectively. Then 



9k 



9K 



— ] 9P.fpdp + ^ ' 1 



eg 



gqfqdq 



where fp and fq are the residue class degrees of P and Q in K /k respectively. 
Since gpfp = $(M/P''^) and gqfq = $(M/g''«), wc get the formula. D 
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4. The general case 

In this section, we consider the general case. We fohow the method in [7] to 
determine the Galois group in this case. 

Let K = K{ \/u), where u — up^Q^ ■ ■ ■ up^Q^ and Pi < Qi € Sm- We assume 
{Pi,Qi) 7^ (PjiQj) for i ^ j- Then K is also a quasi-cyclotomic function field 
over k, whose degree over K equals to q — 1. Notice that there may exist Pi or Qi 
appearing repeatedly in this sequence Pi, Qi, • • • , Pm, Qm- 

Let G = Gal{K/k). Applying the same arguments, Lemma 2.1 and Lemma 

2.2 are also true here. Then we have G — G'^p^ x G' , where the meanings of the 
notations are similar as before. 

We consider the field K = K{ ^up^q^, • • • , ^up^Q^)- It is Galois over k with 
degree w"^^{M). Each element of G has w™ liftings to K. For each P G Sm, we 
define a lifting ap of ap to K as before, li P ^ Pi,Qi, then ap ( ^up-g.) ~ y^up.Q. . 
Otherwise, ap^ ( ^up^gj = v^^^ yJ'^P.Q, and ctq, ( ^up^gj = Uo-q . ^up,Q,- We 
denote the restriction of irp on K by (Tp. Then the group G' is generated by 
< (Tp, e|P € S'm f , where e is defined as before. 

Now we consider the relations between these generators. If P e Sm and P 7^ 
Pi,Qi(l < i < JTi), it is easy to see dp commutes with all generators, and the 
order of dp equals to that of ap. By the discussion in section 2, we have crp-dq^ = 
(Jp.aQ.e~ for each i, where e^ acts trivially on K and ^up.Q^ for j ^ i, and 
€»( v^wPiQi) = 7 ^up.Q.. Since ei|^ = e, we see crp^dq. = o-g.o-p.e^^ The other 
multiplication relations among dp-^ , dq-^ , • • • , ctp^ , ctq^ are complicated, but it is 
easy to determine. Since Proposition 2.3 is also true here, the orders of dp^ and 
CTg. can be determined by the ramification natures of Pi and Qi in K / K . In 
other words, let P be one of Pi, Qi, • • • , P™, Qm, let Pi, • • • , P^ be all the monic 
prime factors paired with P with the form upl^(1 < i < s), and let Pi, • • • ,Pt 
be all the monic prime factors paired with P with the form up.p(l < i < t), 
then ord((Tp) = -, — r- • ord((Tp). Therefore, we determine 

the group G by generators and relations. 

In fact, we have got the ramification indexes ep. ,eg. (1 < i < m) in the above 
paragraph. We can also get that all the infinite primes of K are unramified in 
the field extension K / K by applying the same argument as the paragraph above 
Theorem 3.2. Hence, we can get the genus formula in the general case by applying 
the same argument as Theorem 3.2. 
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